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ON THE L? — L>* NORMS OF SPECTRAL MULTIPLIERS
OF “QUASI-HOMOGENEOUS” OPERATORS
ON HOMOGENEOUS GROUPS

ADAM SIKORA

ABSTRACT. We study the L2 — L° norms of spectral projectors and spec-
tral multipliers of left-invariant elliptic and subelliptic second-order differential
operators on homogeneous Lie groups. We obtain a precise description of the
L? — L norms of spectral multipliers for some class of operators which
we call quasi-homogeneous. As an application we prove a stronger version of
Alexopoulos’ spectral multiplier theorem for this class of operators.

1. INTRODUCTION

Let G be a nilpotent Lie group with Lie algebra g. For a system X;,... , Xx € g
of left-invariant vector fields on G satisfying Hormander’s condition we define an
operator L by the formula

k
(1) L=-) X}
i=1

It is well known that the closure of the operator L in L?(G) is self-adjoint. Thus it
admits a spectral resolution

L= /OOO MEL(N).

For any bounded Borel function F' we define an operator F(L) by the formula

F(L) = / FOVEL (.
0
By Kp(1) we denote the kernel of the operator F(L), i.e. a distribution such that
(2) F(L)Y = * Kp(r).-

In the present paper we investigate the L*(G) — L°°(G) norms of spectral
multipliers of the operator L:

IF@)Z =2 = IFL) T = KRyl
In the case of elliptic differential and pseudo-differential self-adjoint operators on a
compact manifold M the L? — L° norms of spectral multipliers were investigated

by Hérmander [10], [9], by Sogge [16], [17], [18] and by Christ and Sogge in [3].
In [10] Hérmander proved that if x|44) denotes the characteristic function of an
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interval [a,b) and P is a self-adjoint elliptic differential operator of order m, then
(see Lemma 4.3 on p. 211 of [10])

(3) IX((h=1ym o) (P) |72 oo < CEOTY,

where d is the dimension of the manifold M. In [18] Sogge proved even more precise
estimates for spectral projectors of an elliptic differential operator of second order
P (see Lemma 2.2 of [16]):

) X (1) 2y (P | o= 12 < CEOP),
for each 1 < p < 2 such that 1/p—1/2>1/(d+ 1), where
a(p) = max{0,d|1/p — 1/2| — 1/2}.

In [3] Christ and Sogge proved that if P is a first order elliptic self-adjoint pseudo-
differential operator on a compact manifold with positive eigenvalues then

(5) IXE—1.0) (P72 e < CEEL

The estimates (3),(4) and (5) are used in the above papers to obtain several results
concerning the convergence in LP(M) of Riesz means for P and spectral multiplier
theorems for the operator P.

In the case of operators on unimodular Lie groups a useful way of describing the
L2 — L™ norm of spectral multipliers and projectors is the following analogue of
Plancherel’s measure (compare Proposition 3 of [2]).

Lemma 1. If we define the measure duy by the formula

/ TP dus (V) = / T FO e d(EN)pypr),

0 0

then

(6) IF(I)7i_re = IFL)13ope = I Kpw)llFe = /R |[F(N)|? dun(N),

where p; is the heat kernel corresponding to the self-adjoint elliptic left-invariant
operator L, i.e. pt = Kexp(—t1)-

Proof. Indeed,

1Krwle = [ dENErw) Kew)
- /e% d(E(\) exp(—L)(Kp(1)), exp(—L)(Kr(r)))
_ / e d(E(N)F(L)(p1), F(L)(p1))

_ / IFO)|2e? d(E(N)py, pr1)-
O

Following Christ [2] and Alexopoulos [1] we will call dy, the Plancherel measure
of the operator L.

Now let G be a nilpotent homogeneous Lie group with Lie algebra g and let
d¢: G — G for t > 0 be a family of dilations of the group G. (We refer to [6] for
the definition of a homogeneous group and dilations.) For homogeneous groups the
exponential mapping identifies G with its Lie algebra g, so we may regard the d;
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instead as maps from g into itself. They are Lie algebra automorphisms. Next, for
an arbitrary function ¢ on G and t > 0 we set

Sep(x) = Y (8p).
We say that an operator L of the form (1) is homogeneous if

LOSt:t2StOL,

or equivalently, if there are vectors Xy, ..., Xi such that
k
(7) L=- X;
i=1
and

5tX1=tXl for Zzl,,/{:

An operator L will be called quasi-homogeneous if there exist vectors Xi,..., Xk
such that L is defined by (7) and
(8) 6 X; =t X; for i=1,... k,

where 1 < dy < ... < dj. It is not difficult to compute the Plancherel measure
and therefore also obtain a precise description of the L? — L norms of spectral
projectors and multipliers for a homogeneous operator. In [2] Christ shows that if
L is a homogeneous operator defined by (1), then for some constant C' (Proposition
3 of [2])

9) dpr(N) = CA?/27 1),

where @ is the homogeneous dimension of the group G. Christ applied (9) in the
proof of the multiplier theorem for the operator L (Theorem 1 of [2]). In the present
paper we prove that for “quasi-homogeneous’ operators the Plancherel measure has
smooth density satisfying estimates similar to that in (9).

In [1] Alexopoulos obtained a multiplier theorem for all second order sub-elliptic
operators on Lie groups of polynomial growth. However, Alexopoulos’ theorem
applied to a homogeneous operator gives a weaker result then Christ’s multiplier
theorem. Alexopoulos suggested that he lost some exponents in his work because
of lack of an analogue of equation (9) for the Plancherel measure for the operators
that he was studying. Indeed, as an application we will use our estimates for the
Plancherel measure of quasi-homogeneous operators to obtain a stronger version of
Alexopoulos’ multiplier theorem for such operators.

2. SMOOTHNESS OF THE DENSITY OF PLANCHEREL MEASURE
FOR QUASI-HOMOGENEOUS OPERATORS

For every operator L defined by (1) on a nilpotent Lie group there exist natural
numbers d and D such that

t=4/2 ife <1
2 = 4
(10) el =)~ { o Hi ST

See, for example, [20]. Following [20], we will call d and D the dimension of the
heat kernel at zero and at infinity, respectively. If the group G is simply connected,
then d < D; see [20], Chapter IV.5. Every homogeneous group is simply connected;
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thus d < D for all operators which we investigate here. Note that if the heat kernel
corresponding to an operator L satisfies (10), then

(11) pr([0,7)) < e/ dur(\) e < e/ dup () e
0 0
=ecllpp ()22 < C (/2 ArP/2),

For quasi-homogeneous operators we can prove much sharper estimates. The fol-
lowing improvement of (11) is the main result of this paper.

Theorem 1. Suppose that the operator L defined by (7) is quasi-homogeneous.
Then the measure pg, is absolutely continuous with respect to the Lebesgue measure
d\:

dpg, = a(N)dA.
The function o : Ry — R is smooth, and

"o /\d/2—(n+l) Zf/\ <1
< - b
(12) T <] Yoo )

We divide the proof of Theorem 1 into a few lemmas. First for complex numbers
a;, 1 =1,...,k, such that Rea; > 0, we define operator L*>~% by the formula

k
Lal,...,ak _ E aleQ
i=1

Of course LY+ = L. By virtue of Proposition 3.7 and Theorem 4.1 of [5] the
operator L% generates a semigroup on LP for all 1 < p < oo. By P we
will denote the semigroup generated by the operator L% and by py* """ we
will denote the kernel of the operator P/ “*. Tt is proved in [5] (Theorem 4.1)
that p{* " € C*°(G) and that for some constants a,b,w > 0

2
[y ()l < at‘d/"’e“texp(—b%%

where |g| is the distance from the identity e to the element g of G in the optimal
control metric corresponding to the system Xi,..., Xi. In the sequel we will need
a different kind of estimate for py*

Lemma 2. Let p;*> % be the kernel corresponding to the operator L% . Then

dm dm t—d/Z—n ift <1
1 IR ¢ 5 R ag < ||l = A1 yenny ag o < / = 4
) gt @l < It <o { ol TS
Proof. First we show that the semigroup P/""*“* is equicontinuous on L(G) and
L>°(@). Indeed, let g’ be a free nilpotent Lie algebra with k generators Z1,... , Zj
and the same rank as the algebra g. There exists a homeomorphism dU : g — g
such that

dU(Z;) = X; fori=1,... k.

(See [20], p. 46.) Next let U : G’ — G be the corresponding homeomorphism
of the groups G’ and G. By p, we denote the heat kernel corresponding to the
operator

k
L'=-Y a7
i=1
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g’ is a free nilpotent Lie algebra, so there exists a family of dilations d; on g’ such
that

0 Z; =tZ;.
Note that L’ is a homogeneous operator with respect to d;, so
exp(—tL') =8, 1/, oexp(—L) 08,,,»

and
(14) pie) = 22 (8 o),
where @’ is the homogeneous dimension of the group G’. By (14)

ol = [Pl < oo.

However, we note that for any Borel set A C G

/pfl’”"akdxzf pidz’.
A U-1(4)

Thus ||p?17m7ak||L1(G) < ||p;||L1(G’)7 and for all 1 < p < 00
(15) [P o mpe < [P0 pr < [IPh] L2 < oo

By (15) the semigroup Py " is equicontinuous on all L?(G). Hence by virtue of
Theorem 11.3.2 of [20], to show (13) for n = 0 it is enough to prove that L%k
satisfies the following Nash inequalities:

(16) [ 5% < O Re(Lo %, ) 4",

an 1227 < CRe(Lm v, ) [ 747.

If we put a; = Reaq;, Y; = ai/QXi and

k
L = _ Z Yi27
=1
then
Re(L® ), ) = (L', ).

However, L” generates a symmetric Markov semigroup, and it is well known that
(16) and (17) hold for L”. See e.g. Chapter IV of [20] (see also Theorem 2.4.6 of
[4]). To get (13) for all n we note that P®-% is a bounded analytic semigroup
on L', so

(poremen P < Ol

However,
d" Pal »»»»» ap __ L0150k nPal,...,ak
g =( )" Py
and
dn
A1 yeeey A al,...,a4
Pt e = [ (E20 ) P ¥
SN ) Py o X Py | s pee

< Ot 1P oo



3748 ADAM SIKORA

Hence (13) for arbitrary n > 0 follows from the case n = 0. This proves Lemma 2.
O

Next, note that if L is quasi-homogeneous, then by (8) for ¢ > 0 we have
R A
Thus
(18) 814 0 P 0§y = prtan.t*a
S S *

By virtue of (18),

1
QP (Bag) =L T g),
but if e is the identity element of G then d;-1e = e, so

1 2d 2d
i) = e ),

The following lemma shows that (19) is valid for ¢ € ¥, where ¥ is a certain sector
in the complex plane containing the nonnegative real numbers.

(19)

Lemma 3. For complex numbers a;, i = 1,... ,k, such that Rea; > 0, the semi-
groups P depend analytically on the coefficients ay, ...,ax. Hence

1 2d 2d
(20) e (e) = pl e o)
for allt € Yo, where Xop = {2 € C: b<argz < a}, a = min”/%‘fgai and
b = max —~/2-28di

Proof. We note that the resolvent of the operator L*1 %
R(/\,Lal""’ak) — (/\I _ Lal,...,ak)—l’

is an analytic function of a1, ..., ax. Indeed,
R()\’La17...7ak+in2) )\ Lot ,ak Z ZX R )\ LAt 7ak))k)7
k=0

and
aaiR()\,Lal“'”ak) _ R()\,Lal“'”ak)XlzR()\,Lal““’a"),

However by virtue of Theorem 3.3 in Chapter II of [5], X2R(\, L% ~%) is a
bounded operator on L? and R(\, L%+%) is an analytic function of ay, ..., a.
Now by the following formula ([13], Chapter 3, Lemma 4.1)

R()\,Lal ..... ak)[Ptal »»»»» ak Ptbl’m’bk]R()\,Lbl""’bk)
t
— /O P(tzl_,-s-)-,ak [R(/\,Lal""’ak) _ R()\,Lb17“’7bk)]PSbl7“’7bde

we have
R(A La1,...,ak)aaipta17m7akR(A7 La17...7ak)

/ Py 0 RO\ L) Pt ds

t
:/ P(tzl,s) akR()\ Lal, .,a )X,?R(A,Lal"“’ak)PSal’.“’ade.
0
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This proves that the semigroup P> ~%* is an analytic function of a1, ..., ax, so both
sides of (20) are analytic functions of t. Hence to prove (20) it is enough to recall
that, by virtue of (19), (20) is true if ¢ is real and t > 0. O

Finally, to prove Theorem 1 we will need the following lemma.

Lemma 4. Suppose p, is a heat kernel corresponding to the quasi-homogeneous
operator. Then the value of the kernel at the origin p.(e), regarded as a function of
the variable z, extends analytically to the sector ¥y o for some € > 0. Moreover,
for z =1is, where s € R,

d |2~ f 2| <1
21 2 <cp P/ : -
(21) |dz”p (e) <c { |2|=P/2=n 4f |2 > 1.

Proof. We put t = e 0 = 10 and z = re, r > 0. Now p,(e) = pl1(e) is
an analytic function of z for —7/2 < w < 7/2. On the other hand, p’fdl“'”twk (e)

iw 3 2dq twy2d . . .
et ¢t () is an analytic function of z for

0<w<m/2460 x2min{dy,... dk}—ﬂ'/2—l—7rd

2dy,
However, by virtue of Lemma 3, for 0 < w < 7/2 we have
1 1 iw iw iwy2dq iwy2d 2dq 2d
(22) gl (e) = agp e o) = e () = e ),
This gives us an analytic extension of p,(e) for —7/2 < w < 7/2 4 7r . Finally,

since Reit?% > 0, by Lemma 2 for w = 7/2 we have

d d 2d 2d d - 2d
[ Sopale)] < 0Tt P e = (@i

< Cn("' d/2—n /\T'_D/2_n) — Cn(lzl d/2— N |Z|_D/2_n),

[l Lo

which proves (21) for w = 7/2. In the same way we can construct an analytic
extension of p.(e) for —m/2 — 71 4 < < 7/2 and prove (21) for w = —7/2. This
finishes the proof of Lemma 4. O

Proof of Theorem 1. Note that if Kp () is defined by (2) and pp, is the Plancherel
measure for L, then

K@) = [ FO) i),
and so
pz(e) = /0 BZ)\ d,uL()\).

Hence p_;(e) = [i(t). Now Theorem 1 follows from

Proposition 1. Assume that for any natural number n the Fourier transform of
function f: R — C satisfies the estimate

and that supp f C [0,00). Then

SR < e

dtn OIS

for any n <0.
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Proof. We define the function xi/ 2 by the formula

x—l/Q(x) _ 12 if 2 <0,
+ 0 if x <0.

If f is a distribution such that supp f C [0,00), then f = a:jrl/ % is well defined (see
(4.2.6) on p. 104 of [8]) and

1 d _ _
TaEal o =

Next we note that (see example 7.1.17 of [8])
(F* 2T =T/ A,
and that if supp f C [0,00) and |f(x)| < c[t|” for b > —1, then
|fx a2 <

Hence it is enough to prove Proposition 1 for a > —1. But this can be proved in
the same way as Proposition 2 on p. 245 of [19]. This finishes the proof of Theorem
1. |

Remark 1. If A is a standard Laplace operator on the one-dimensional torus, then
it is easy to check that

o0
nA = 50+2Z5j2.
j=1
Of course ua does not have a density, so Theorem 1 is not true for all nilpotent Lie
groups. However we are not aware of any counterexample to Theorem 1 in case of
a simple connected group. Also, we do not know if Hormander’s estimates (3) are
true for all nilpotent Lie groups.

Remark 2. Tt is interesting to note that by carefully reading the proof of Theorem
1 we can easily show that the function «(z) can be extend analytically to a sector
Y. for some € > 0 and its extension satisfies (12).

Remark 3. Suppose that X3, ..., Xi is homogeneous algebraic base of g, i.e., g is
generated by X1, ..., X, as a Lie algebra and (8) is satisfied. Next let an operator
L be defined by the formula

L= Z Zainin,
i=1 i=1

where (a;;) is a positive definite, symmetric matrix. It follows from the proof that
Theorem 1 holds for L if the matrix (a;;(d; + d;)) is positive definite.

3. MULTIPLIER THEOREM

In this section we apply the estimates for the Plancherel measure of quasi-
homogeneous operators from Theorem 1 to obtain a stronger version of Alexopoulos’
multiplier theorem [1]. In what follows, for g € G we put |g| = p(e, g), where e is
the identity element of G and p is the optimal control metric corresponding to the
system Xi,...,Xy. By |z| we denote the Euclidean norm of z € R?. We assume
that L is a quasi-homogeneous operator defined by (1). We start this section with
the following lemma.
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Lemma 5. Suppose that the Plancherel measure of L satisfies duy, = ar(X)dA\ and

(23) ap(X) < CAQ/2L
Then for any bounded Borel function F: R — C we have
29) [l 1K p o) dg < € [ ol K g @ da
G RQ
and
a 2 a 2
(25) Jlal s KB dg < ¢ [ Jal iy oy P o
G RQ+2

where Aq is a standard Laplace operator on RA.

Lemma 5 for duy, = CAQ/271d\ is proved in [14]. It is easy to check that the
proof from [14] works also under our assumptions. Nevertheless we include here a
short proof of Lemma 5 for the reader’s convenience.

Proof. If x», is a characteristic function of Euclidean ball of radius r centred at 0
in R?, then function x;, K F(y/Aa) and (1 —xp, ) K F(y/Ag) AT radial, so there exist

functions F, : Ry — C and F" : R4 — C such that

Kp. (/g = Xo- Kp( /5
and
Kp(ymay = =0 ) K /xg)-

If H is an even function which coincides with F,. on Ry, and H its Fourier transform,
then

supp HcC [—r, 7],

but by the property of the final speed of propagation of the wave equation, e.g. see
[15] or [11] for proof, we have

supp (K, (7)) € {o+ ol <},
where Cy(\) = cos(t\). Hence, using the functional calculus formula
BVD) = o [ BOCWD) d
we get
(26) supp (Fr(VL)) C {ge G |gl <7},
Obviously F = F,. + F", so by (26)

(27) Ko oyp)(9) = Kpiypyla)  for lg| > r.

On the other hand, by the Plancherel Theorem (or by (9)), for any function F' :
R, — C we have

1K p it =Co [ IO an
F(y/Ag) 1L Q o
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and by (23) we get

[ e @Pag <0 [ 1K sl e

G RQ
Hence by virtue of (27)
[ 1em@Pds= [ 1pun (@) dg < / Ky o) dg
(28) lg|>r lg|>r
SC/|KFT(\/E)(x)|2dx:C / K oy @) d
R |z|>r

Finally, by (28), for any a > 0

gl

/ 911K gz (9) 2dg = / / ar* K oz (0) Pdrdg

/ar“ ! / K pvz)(9)] drdg<0/ara ! / |KF(\/—)( x)|? dx

0 lgi>r o] >r

:c/|x|a|KF(m)(x)|2 do
RQ

This proves (24). To show (25) we note that

[ 1Xike ol do < [ WEE o) do
G G

<C / K /mgm @I do

RQ+2
and we prove (25) in a way similar to (24). O
Using Theorem 1 and Lemma 5, we will prove the following version of Alexopou-
los’ multiplier theorem for quasi-homogeneous operators.

Theorem 2. Let L be a quasi-homogeneous operator on a Lie group G and let
d < D be the dimensions of L at 0 and at infinity respectively. Let ¢ € C°(R4)
be any fized auxiliary function, not identically zero. If F' satisfies the condition

20)  swp (IWOFE) I, ., + 0+ T 0OFE)E, . ) < o
t>0

for some € > 0, then the operator F(L) is bounded on LP for 1 < p < oo and of
weak type 1 — 1.

Proof. (29) is actually independent of the choice of v, so we can assume that
$(N) € C([L,4)) and

D> (2"A) =1 forall A>0,

n=—oo

We put
F.(A) =9 27"NF(A)
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and

U, (A) = FL,(2")N).
Note that
(30) F(L)= Y Fu(L).

To prove Theorem 2 it is enough to show that

(31) | Erwlol g < coziz)
lg|>r
and
(32) /|XiKFn(L)(g)| dg < C2"/2.
G

Indeed, Theorem 2 follows by (30), (31) and (32) by standard Calderén-Zygmund
analysis (see the proof of Theorem 7.9.5 in [8]).

Proof of (31) and (32). By (29),

2
(33) 19l ... <C
and

n D—d
(34) 1l ,,,. < COA+27) 72

By virtue of Theorem 1 and Lemma 5,

1ot e, w@Pds <O ([ lab e, 0P [ lel B 0 0P )
G RD R4

nP=s) s nld_s s
=c(z [ el @Pde 2225 [l |K%<Ad><x>|2dx)
RD Rd

n D—s n(dfs)
(35) SOV AR )| WL,
On the other hand, by the Schwarz inequality
6o ([ IEnw@lde? <[4 + 191" |Kr, ) (0) do
lgl>r G
% / (|g|D+2e + |g|d+2€)—1 dg.
lg|>r

By (36), (33) and (34)

[ 612+ + 1912 K, 1) (0)
G

D—d

(37) <c(@ a2 )l .,

(27 A 9—n(et+ d;D))H\IJnH%{d/HE) < C'2ne,
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Finally, if B, = {g € G : |g| <t} and V(By) is the volume of the ball B, then by
Proposition IV.5.7 of [20] V(B;) ~ t? AtP, so

> d
B9 [ (g gt dg = [ e V(B
lgi>r '
< Or—2,

and (31) follows by (37) and (38).
Next by virtue of (25) for n < 0

/ XK, 1) (9)] dg = / XK e, 1)(9)| dg + / XK, (1 (9)] dg
G lgl<2—7/2 |g|>2-n/2

1/2
< v<an/2>1/2< [ Xk dg)
G

i </(|g|D+2€)|XiKFn(L)(g)|2 dg)l/z( / (197471 dg>1/2
G

lg|>2-"/2

<C (Q—nD/4+n((D+2)/4) + 2(—5+1)n/2+5n/2> ”\I]nHHD/er < Cl2n/2'

Finally, for n > 0

/|XiKFn(L)(g)|dg = / | XiKp,)(9)|dg + / | X:Kp,()(9)ldg
G lgl<2—m/2 1>]g|>2—"/2

1/2
+ / | XiKF,1)(9)| dg < V(B(2‘"/2))1/2< | XiKp, ) (9) dg)

lg|>1 lgl<2—n/2

1/2
+(/(|g|d+2s)|XiKFn(L)(g)|2 dg) X (

G 1>|g|>2-n/2

1/2
+< / (1172 | Xi K, 1) () dg> ( / (lg|P+2e)1 dg>

G lg|>1

1/2
(i dg)

1/2

< <2n(d+2)/4—nd/4 + 2(—5+1)n/2+5n/2> H\Pn”Hd/ers

—2e+D—D+2
4

+27" ||\Ijn||HD/2+€ < Cl2n/2'

This proves (32) and finishes the proof of Theorem 2. |

Remark 4. Although Theorem 2 is the strongest result of this type known to the
author, the papers of Miiller and Stein [12] and Hebisch [7] suggest that Theorem
2 is not optimal.
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